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Abstract. We study local zeta functions for non-degenerate Laurent poly- 
nomials in two variables over p-adic fields. The main result establishes the 
existence of asymptotic expansions for exponential sums mod p m , or more ge- 
nerally, for p-adic oscillatory integrals attached to Laurent polynomials. We 
show the existence of two different asymptotic expansions: one when the ab- 
solute value of the parameter approaches infinity, the other when the absolute 
value of the parameter approaches zero. These two asymptotic expansions are 
controlled by the poles of twisted local zeta functions. 



1. Introduction 

In this article, we study local zeta functions for non-degenerate Laurent polyno- 
mials (in two variables) with respect to its Newton polytopc at infinity over p-adic 
fields. By using toroidal compactifications, we show the existence of a meromorphic 
continuation for these zeta functions as rational functions of q~ s . In contrast with 
classical Igusa's zeta functions, the meromorphic continuation of zeta functions for 
Laurent polynomials have poles with positive and negative real parts. We also 
extend Igusa's stationary phase method to oscillatory integrals (and exponential 
sums) depending on a p-adic parameter to the case of Laurent polynomials in two 
variables. Here a new and interesting phenomenon occurs, the oscillatory integrals 
admit two different types of asymptotic expansions: one when the p-adic absolute 
value of the parameter tends to infinity and other when the p-adic absolute value 
of the parameter tends to zero. There are another important differences with the 
classical case initially studied by Varchenko in the Archimedean setting, see e.g. 
[5], [6], [9], [19], [28], [31], [32]. The first one is that the convergence of 

the integral defining the local zeta function is not a straight forward matter due 
to presence of 'denominators.' The second one is that Newton polygon at origin is 
not involved here at all, while it plays an important role in the study of local zeta 
functions for non-degenerate polynomials in the variables {x\,X2)- 
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We now discuss in detail our motivations and results. In [T]-[2] Adolphson 
and Sperber and in [7] Denef and Loeser provided sharp estimates for expo- 
nential sums of type E xe v(w q )W( x )) with V ( ¥ v) = ( ¥ qY x F g~ r > and f e 
¥ q [xi,--- , x n , x^ 1 , ■ ■ ■ ,x~ x ] a Laurent polynomial which is non-degenerate with 
respect to its Newton polytope at infinity. Our first motivation was to study the 
asymptotic behavior of these exponential sums in a p-adic setting, or more generally 
p-adic oscillatory integrals attached to Laurent polynomials in two variables which 
are non-degenerate with respect to its Newton polytope at infinity, see Definition 
Q] and [17j-[18j. The results presented here constitutes an extension of Igusa's 
method for estimating exponential sums mod p m , see |13j-[14j and [4], to the case 
of non-degenerate Laurent polynomials in two variables. The simplest type of a 
such exponential sum is 

_ ■ 2-7T! I Mgl ,3=2) A 

S m = Yl e^\-^^>, 

ze(z x /p m z)x(z/p m z) 

with m G N, and Jl ^ Ji * non-degenerate with respect to its Newton polytope at 
infinity, see Corollary [lj Denote by ^ a fixed additive character of Q p , see Section 
14.11 and take f(xi,x 2 ) € Q p [xi, x 2 , Xi 1 , x^ 1 ] non-degenerate at infinity. The 
above exponential sums are a particular case of the following type of oscillatory 
integrals: 

E% ) (z,f)= / ^{x 1 ,X2)^(zf(xi,x 2 ))\dxidx 2 \, 



(Q P X ) 

where $ is a locally constant function with compact support in Zp, and z = up~ m , 

with u G Zp , and m G Z. It is important to mention, that for general /, (z, /) 
cannot be expressed as a linear combination of exponential sums mod p m . 

Our main result asserts that E^ (z, /) has an asymptotic expansion of type 

Ea c ax(«c z) \z\ p (log p \z\ p j as \z\ p -> oo, 

where A runs through the 'real negative parts' of the poles of all the twisted local 
zeta functions attached to /, and that E^ (z, /) has an asymptotic expansion of 
type 

/ $ (x 1 ,x 2 ) \d Xl dx 2 \ + J2 x cxx{ac z) \z\ p (\og p \z\ ) as \z\ ->• 0, 

where A runs through the 'real positive parts' of the poles of all the twisted local 
zeta functions attached to /, see Theorem [5] If / is a polynomial in (xi,x 2 ), 
the first type of asymptotic expansion is well-known in the Archimedean and non- 
Archimedean contexts, sec e.g. [3], [4], [13], [14], [20], [26], [31], [32]. The 
second type of asymptotic expansion is new, as far as we know, and the existence 
of such asymptotic expansion is a consequence of the fact that twisted local zeta 
functions have poles with positive real parts which in turn is a consequence of the 
fact that Laurent polynomials, considered as rational functions, may have poles on 
the coordinate axes. We also obtain asymptotic expansions for 

(1.1) V m (/, $) := vol ({* G supp ($) n (Q*) 2 ; \f (x)\ p = p"™}) 

when m — > ±oo, see Theorem [J] 
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The paper is organized as follows: in Section[2j we review some basic results on 
toric manifolds, toric compactifications, toric resolution of singularities for Laurent 
polynomials over a local field of characteristic zero, following Khovanskii [17| - |18] 
and Varchenko [26]- [27] In Section H wc establish the mcromorphic continuation 
of twisted local zeta functions attached to non-degenerate Laurent polynomials, 
and give a description of the possible poles, see Theorem [TJ [21 El Propositions [2} 
[3] To handle the problem of the convergence of local zeta functions we introduce 
the 'p-adic quadrants,' and attach a local zeta function to each quadrant. As an 
application, we obtain asymptotic expansions for (jl.ip . see Theorem 3] In Section 
[4] we prove the existence of asymptotic expansions for oscillatory integrals, see 
Theorem [5j and in Section [5] we give an explicit formula for local zeta functions 
supported on the first quadrant valid for almost all p. 

2. Newton Polytopes, Non-degeneracy Conditions and Toric Manifolds 

In this section, we review some basic results on toric manifolds, toric compact- 
ifications and resolution of singularities of Laurent polynomials over a local field 
of characteristic zero. The results needed here are variations of the ones given in 
[1?]-[IH], [26]- [27] or [21] in the Archimedean setting. The material needed to 
adapt these results to the p-adic setting can be found in 1 14] , |23] . 

2.1. Newton Polytopes. We set R+ := {x e R;x ^ 0}. Let (•, •) denote 
the usual inner product of R 2 , and identify the dual space of R 2 with R 2 itself by 
means of it. 

Let K be a local field of characteristic zero. Let 

f(x 1 ,x 2 ) = ^cix 1 € K [x 1 ,x 2 ,Xi 1 ,X2 1 ] 

be a non-constant Laurent polynomial. Set supp(f) := {Z 6 Z 2 ;q ^ 0}. We define 
the Newton polytope (/) := L^ of f at infinity as the convex hull of supp(f) 
in R 2 . Note that, if supp(f) = {li, • • • , l r }, then 

{r r \ 

^2\ t k;Xi, ■ ■ ■ ,X r <E R+, y^Aj = 1 > . 
i=l i=l ) 

In combinatorics a set like is typically called a rational (or lattice) polytope (i.e. 
a compact polyhedron). From now on, we will use just polytope to mean rational 
polytope and assume that dim Too = 2. 

2.1.1. Faces. Let H be the plane {x £ R 2 ; (a, x) = 6}. Then H determines two 
closed half-spaces: 

H+ := {x e R 2 ; (a,x) > b} 

and 

H~ := {x e M 2 ; (a,x) < b) . 

We say that H is a supporting plane of , if Foo n H ^ and Foo is contained in 
one of the closed half-spaces determined by H. A face of Too is the intersection of 
Too with a supporting plane. 

The dimension of a face r of Foo is the dimension of its affine span, and its 
codimension is cod (t) = 2 — dim (t) . Faces of dimension and 1 are called vertices 
and facets respectively. We denote by Vert(T oo) the set of vertices of Too. For 
further details the reader may consult [22j , [24] , [301 Chapter 7] . 
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Given a € I 2 , we define 
(2.1) d(a)=ini{{a,x);x£T 00 }. 

Note, that since a convex polytope is the convex hull of its vertices, in (|2.1[) we can 
take the infimum as x varies in Vert(T 00 ) 1 which is a finite set, i.e. 

d(a) = min {(a, x) ;x £ Vert{T oo)} , 

and d(a) = (a, Xo) for some xq £ Vert (Too). 

Note that for a given supporting plane H of Too there exists a unique perpen- 
dicular vector a, which satisfies H + n Too 7^ 0- This vector is called the inward 
normal to H. A vector a = (oi, 02) € R 2 is called primitive if g.c.d.(a\, 02) = 1. 

Let r be a facet of Too, and H a supporting plane for l m such that r = -ff+HFoo. 
Then r = conv(l\, . . . , i s ), with G supp(f). The affine span of r is a straight line 
satisfying an equation of type a\X\ + 02X2 — d = 0; ai,a2,e? € Z. We now pick 
Oi, a 2 satisfying g.c.d.(ai, 02) = 1, then (01, a 2 ) € Z 2 is the normal primitive inward 
vector to H . We denote the set of all these vectors as 3D (Loo). 

2.2. Cones and Fans. We now review the construction of a polyhedral sub- 
division of R 2 subordinated to Too- Such construction is well-known, see e.g. |10j . 
fill p. 26-27], [25j Chapter 2], \5U\ Chapter 7], we also use [fij, [26], for this reason 
we do not give proofs. 

A subset A C R 2 is called a convex cone if it is a convex subset which is closed 
under positive scalar multiplication. A cone A is called pointed if it contains the 
origin. All the cones considered in this article will be pointed. A cone A is said to 
be spanned by a, b € M 2 if A = {X\a + \2b;\i £ If a, b arc linearly independent 

over R, A is called a simplicial cone. If a, b G Z 2 , we say A is a rational cone. If 

det , = ±1, we call A a simple cone. 

We define the first meet locus of a £ R 2 as 

F(a) = {x e Too] (a, x) = d (a)} . 

Note that F(a) is a face of Too, and that F(0) = Too- 
We define an equivalence relation on R 2 by taking 

a - a' F{a) =F (a') . 

It is known that every proper face r of Too is contained in some facet of Too , 
and that r is the finite intersection of all the facets of Too that contain r. 
If r is a face of Too , we define the cone associated to r as 

A T = {a £ R 2 :F(a) = r} . 

The equivalence classes of ~ are precisely the cones A T . The following results 
will be used later on. 

Lemma 1. Let r be a proper face of Too- The the following assertions hold. 

(i) A r is an open subset 0/R 2 . 

(ii) The topological closure A T of A T is a rational polyhedral cone and 

A T = {a £ R 2 ;F(a) D r} . 
(Hi) The function d(-) is linear on A T . 
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We recall that a fan J 7 is & finite collection of cones {Ai\i <G 1} in R 2 such that: 
(i) if A, G T and A is a face of A;, then AeJ; (ii) if Ai, A 2 G J 7 , then AiR 
A2 is a face of Ai and A2. The support of J 7 is |.F| := U, e /Aj. A fan J 7 is called 
simplicial (rcsp. simple ) if all its cones are simplicial (rcsp. simple). A fan J- is 
called subordinated to r^, if every cone in T is contained in an equivalence class 
of ~. We denote by edges(lF), the set of all edges (generators) of the cones in T . 

Lemma 2. The closures A T of the cones associated to the faces of Too form a 
simplicial fan J-q subordinated to Too . Moreover, we have the following: 

(i) Let t be a proper face of Too- Then the map 

{faces of Tea that contain t} — > {non-empty faces of A r } 
a -> A ff 

is one-to-one and onto. 

(ii) Let t\, T2 be a faces of Too. Suppose that r\ is a facet of t%, i.e. t\ has 
codimension one in T2, then A T2 is facet of A Tl . 

Lemma 3. (i) Letr be a proper face of Too- Let 71, 7 r , r = 1 or 2, be the facets 
of containing r. Let a\,a r G Z n \ {0} be the unique primitive perpendicular 
inward vectors to 71 , 7 r respectively. Then 

A T = {Aiai + A r a r ;Ai, A r € R + } and A T = {Aiai + A r a r ;Ai, A r G R+ \ {0}} . 

(ii) dim A T = dim A T = 2 — dimr. 

2.3. Fans supported on R+. We now construct a fan subordinated to 
and supported on R+. This fan will be used later on. 

Consider the family {R^ n A T } r , with K]_nA T /0 and r running over the 
proper faces of Too. We say that a proper face r C is an attainable face if 
R+ H A r 7^ 0. We denote by .4. := A(Too) the set of attainable faces of L^We 
warn the reader that our notion of 'attainable face' is not necessarily equivalent to 

the corresponding notion in |18| . Then Ta '■= \ R+ H A r > is a simplicial fan 

subordinated to Too. This assertion is valid only in dimension two for arbitrary /. 
It is not difficult to find in dimension 3 examples showing that J- a is not necessarily 
a fan subordinated to . 

Let {ei, e^\ be the canonical basis of R 2 . The set edges{LFX) can be partitioned 
as U £{T A ), where S(JU) C D{Too) and f (JU) C {ei,e 2 }. The vectors 

ei,e2 are not necessarily perpendicular to some facets of r m . 

By adding new rays each simplicial cone in J 7 a can be partitioned further into a 
finite number of simple cones. In this way we obtain a simple fan J-+ subordinated 
to Too, see e.g. |16j . Note that the set of edges of the cones in LF + can be partitioned 
&sD{J 7 + )U£(J 7 +)U£'{J 7 + ), where C D(Too), £(J 7 +) C {d, e 2 } and 

is a finite set of primitive vectors corresponding to the extra rays induced by the 
subdivision into simple cones. 

The family {R^ n A T } re ^ is a partition of R+\{0}, we will call this family a 
simplicial polyhedral subdivision of R^_\{0} subordinated to Too- By adding new 
rays as before, we obtain a simple polyhedral subdivision of R^\{0} subordinated 
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Example 1. Set f(x,y) = x 3 +y 2 +y i . The facets of Too (/) are the following: 
Ti = {(a,j3) G R 2 ;4a- 3/3 = -12, - 3 < a < 0} , 

r 2 = {(a,/3) G R 2 ;a = 0, 2 < /3 < 4} , 

t 3 = {(a,j8) G R 2 ; - 2a + 3/3 = 6, - 3 < a < 0} , 

and 2? (roc) = {( — 2, 3) , (— 1, 0) , (4, —3)}. By using the above construction we get 
that the fan J-+ (supported on K 2 ^ ) is the first quadrant ofM 2 , since for 7 = (—3, 0), 
we have A 7 = (—2,3) R+ + (4, —3) R+ D R\ . 

Remark 1 . Let Tq be as in Lemma [H We will say that Tq is trivial, if there 
exists a vertex 70 of Too such that C A 7o . If is trivial, then edges(J-^) = 
{ei, e-i\ . By introducing the ray (1, 1) G R+, we get a nontrivial and simple fan T+ 
subordinated to Too- 

2.4. Khovanskii Non-degeneracy Condition. Given a face r of Too, we 
define the face function of f with respect to r as f T (x) = J2ie T Clxl - We se * 
T 2 = T 2 (K) := {(xi,x 2 ) G K 2 ;x\ ■ xi ^ 0}, for the 2-dimensional torus considered 
as a A"-analytic manifold. 

Definition 1. Let f(x) = ^2iCix l G A \xi, X2, Xi 1 , x^ 1 ] be a non-constant 
Laurent polynomial with Newton polytope Too- We say that f is non-degenerate 
with respect to Too over K, if for every face r of Too, including Too itself, the 
system of equations {f T (x) = 0, V/ T (x) = 0} has no solutions in T 2 (A). 

Remark 2. Let h (x) G K [x\, X2\- The Newton polyhedron of h (at the origin) 
can be defined as T := T (h) = Too (h) + (R+) 2 , see [6l Definition 1.2]. Thus, if 
h is non- degenerate with respect to Too (h), then h is non- degenerate with respect 
to T(h). On the other hand, there are polynomials in (x\,X2) which are non- 
degenerate with respect T but degenerate with respect to Too- For instance, h(x, y) = 
xy + x 6 + if + (x — y) 7 . Then Newton polyhedron at origin is not useful for studying 
arithmetic and geometric matters involving non- degenerate Laurent polynomials. 

2.5. Toric Manifolds. Let J 7 be a simple fan subordinated to Too with sup- 
port R 2 . Let A T be an 2— dimensional simple cone in T such that F(a) = r 
for any a G A T . Then the face r of r m is necessarily a point. Let 01,0,2 be the 
edges of A T . To this cone, we associate a copy of K 2 , denoted as K 2 (A T ). Denote 
by <t(A t ) : K 2 (A r ) -> K 2 the map defined by Xl = vT^yl^, x 2 = y^'v?' 2 , 
where (xi,x 2 ) are the coordinates of K 2 , (2/1,2/2) are the coordinates of K 2 (A r ) 
as A"-analytic manifolds, and a\ = (0.1,1,02,1) ; 02 = (01,2,02,2) ■ We identify two 
copies K 2 (A T ) and K 2 (A T <) by the rational map cr _1 (A r /) o a (A r ) : K 2 (A T ) — > 
A 2 (A T /), the set obtained under this identification is denoted as ^(roo). The 
atlas (A 2 (A t ) , a (A T )) gives to X (Too) a structure of A-analytic manifold of di- 
mension 2. In the Archimedean case this is a well-known fact, see e.g. [3], [llj . 
[16], [nj-IH], [21], [26]- [27]. The proof of this result can be easily adapted to the 
p-adic setting using the material of |23j . 

The manifold X (Too) admits a decomposition as a disjoint union of A-analytic 
tori. Let A be a 2— dimensional cone in J- with generators 01,02- Let Ao be a 
face of A, then dim Ao = 0, 1 or 2. The corresponding torus are T 2 (K),Ta ■= 
{(2/1,2/2) G A 2 (A) ;2/i = if A is generated by a t for i = 1 or 2}, or {(0,0)}, re- 
spectively. 
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Proposition 1. Let f(x) = ^2iCix l G K [xi,x 2 ,Xi ,x 2 ] &e a non-constant 
Laurent polynomial which is non- degenerate with respect to Too- Let A T £ J fc a 
cone o/ dimension 2 sitc/i i/iai -F (a) = r /or any a G A r . T7ien 
(%) X (Too) is K -analytic manifold of dimension 2. 

(zi) T7ie mapping a : X (Too) K 2 defined on each K 2 (A T ) as a (A T ) : K 2 (A r ) — > 
if 2 is K -analytic and proper. 

(Hi) (f oa(A T ))(y 1 ,y 2 ) = y^ y 2 'J^ T (2/1,3/2), w/iere /a t (2/1, 2/2) e #[2/1,2/2] 
satisfying f Ar (0)^0. 

(w,) TTie set of points of K 2 in which a is not a K -analytic isomorphism is the 
union of certain coordinate planes. 

(v) The closure of o~ x ({x G K 2 ;f (x) = 0, x\ ■ X2 7^ 0}) in X (Too) is a K-analytic 
manifold of dimension 1 in some neighborhood of a~ l (0) in X (Poo). 

(vi) Let Aq G T and let Ta oe the torus corresponding to Aq in the decomposition 
of X (Tea) into K-analytic tori. Assume that a (7a ) = 0. Then Ta intersects the 
closure of cr^ 1 ({x £ K 2 ;f (x) = 0, x\ ■ X2 7^ 0}) in X {Too) transver sally. 

The proof is similar to the proofs of Lemmas 2.13-2.15 in [26] . see also |21j . 
We will call the pair (X {Too) , o~) a toric compactification for / : T 2 (K) — > K 

(or for r 1 {(o,o)}nr 2 (i^)). 

If in the above construction we replace J 7 by a simple fan F+ supported on 
, then Proposition [T] is valid. In this case we will call the pair (X (Too) ,o~) an 
embedded resolution of singularities for / : T 2 (K) — > K. 

2.5.1. Some additional remarks. We now develop some consequences of Propo- 
sition [1] that we will use in the next sections. In particular we want to describe 
(/ a )(b) f° r some b G -X^r^), we consider several cases. 

Let A T be a 2— dimensional simple cone in T (or T+) such that F(a) = r for 
any a <G A r . Let 01, a 2 be the generators of A r , as before. Denote by C T the chart 
(K 2 (A T ) , a (A T )) of X (Loo), and take a point b G K 2 (A T ). Denote by O b the 
local ring of X (Loo) at the point b, and by C>£ the group of units of Ob- 
Then in a neighborhood Vq of the origin in chart C r , we can choose local 
coordinates such that 

(2-2) (/ o o~ (At)) (yi, 2/2) = e (2/1, 2/2) yf^y^, 

where e(y 1 ,y 2 ) G Of, satisfying |e (2/1, 2/2)| x = |e(0,0)| K for any (2/1,2/2) G V'o. 
For a = (ai,a 2 ) € Z 2 \ {0}, we set ||a| := a\ + a 2 . Lhen in Vo, 

(2.3) o~ (A T )* (ttei Adx 2 ) = ri(yi,y2)y\ ai ^ 1 yl a2 ^~ 1 dy 1 Ady 2l 

where 77 (j/i, z/ 2 ) is a unit of the local ring of X (Too) at the origin. Furthermore, we 
may assume that \r) (2/1, y 2 )\ K = |r7(0,0)| K for any (yi,y 2 ) € V . 

We now consider on C T the points on a (A T ) 1 (0), different from the origin of 
C T . After permuting indices, we may assume that one of these points have the form 
b = ^0, o 2 ) with b 2 G K x . Let t' be the first meet locus of the cone A T ' spanned 
by a\. We can write 

(2.4) (/ o a (At)) (2/1,2/2) = 2/f (ai) (/ (2/2) + 0(2/1,2/2)) , 

where / is a polynomial in y 2 , and O (2/1,2/2) is an analytic function in 2/1,2/2 but 
belonging to the ideal generated by y\. Note that d(a\) may be a negative integer 
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or zero. Two cases happen: (i) f(b 2 ) 7^ 0, (ii) f(b 2 ) = 0. In the first case, in a 
neighborhood Vb of 6, 

(2-5) (fo<T(A T ))(y u y 2 )=e( yi ,y 2 )yi {ai \ 

(2.6) cr (A T )* (dxi A cfe 2 ) = 77 (2/1,2/2) (yf 01 " -1 ) rfyi A dj/ 2 , 

where £(2/1,3/2) and 77(3/1,2/2) are units in Of, such that |e (2/1, 2/2 )|#- = |£(fr)li<- and 
\t) (yi , 2/2) \k = I^C^lif f° r (yiiJ/s) € T4- In the second case, by Proposition Q] (v)- 
(vi), we can choose new coordinates y' = (2/1,2/2) in a neighborhood Vb of 6 such 
that 

(2-7) (foa(A T ))(y')=yi M y' 2 , 

(2.8) a (A T )* (tfai A da; 2 ) = 77 (j/') 7/| ai U -1 ^ A dy' 2 , 

where 77(7/') € O h x and |?7(2/')Ik = I^OOIk for (2/1,2/2) e H- In addition, {y' 2 = 0} 
is the description in Vb of the closure of 

a (A,) -1 ({(xi,s a ) € A' 2 ;/ (xi,x 2 ) = 0, n • x 2 ^ 0}) 

in X (r^). We call the attention to the reader on the fact that (|2.7|) - (|2.8[) are valid 
if d (ai) is zero. 

The closure of cr(A r ) _1 ({( Xl ,x 2 ) £ K 2 ;f (xi,x 2 ) = 0, Xl ■ x 2 ^ 0}) inX^) 
may have components disjoint with the exceptional divisor of ct. Assume that b is 
a point in C T belonging to one of these components. Since ct(A t )(6) 7^ 0, f\T 2 (K) 
and a(A T )\ T 2^ K ^ are K— analytic isomorphisms, there exist a neighborhood Vb of b 
in C T and a coordinate system y = (y[,y' 2 ) on V> such that 

(2-9) (foa(A T ))(y) = y' 1 , 

(2.10) a* (d Xl Adx 2 ) = dy[, 
for any y € Vb- 

2.5.2. A hypothesis on the critical locus of f . We consider / as a regular func- 
tion on T 2 {K). The critical set of / is Cf := Cf (K) = T 2 {K) n {V/ (x) = 0}. 
Later on we will use the following hypothesis: 

(hi) c f c r 1 (o) . 

Note that f (x) can be written in a unique way as / (x) = {[ x \ 2 , where 

f (x) € K [xi,x 2 ] and x^x^ 2 does not divide / (a;). With this notation, hypothesis 
HI is equivalent to 

Cf(K) n t 2 (k) c r 1 (0) n T 2 (K). 

For b £ X (Too), if / (er(6)) 7^ 0, by hypothesis HI, there is a local coordinate 
system of the form (/ (x) — / (a(b)) ,y 2 ) in a neighborhood Vb of b such that 

(f°cr) (2/1,2/2) =e(6) (l + 2/i), 

(2.11) ct* (dxi A dx 2 ) = 77 (2/1,2/2) ^2/i A d?/2, 

with |t7(?/i,2/2)| k = |»7(&)|jf for any (2/1,2/2) € Vfc. 
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3. Meromorphic Continuation of Local Zeta Functions 

In this section wc attach to a Laurent polynomial in two variables a local 
zeta function and show the existence of a meromorphic continuation to the whole 
complex plane. 



3.1. Quasicharacters. Let K be a p— adic field, i.e. [K : Q p ] < oo, where 
Q p denotes the field of p-adic numbers. Let Rk be the valuation ring of K, Px the 
maximal ideal of Rk, and K = Rk/Pk the residue field of K . The cardinality of 
the residue field of K is denoted by q, thus K = ¥ q . For z E K, ord (z) E ZU {+00} 



~— ordiz 

\K~1 



zp~ 







where p is a fixed 



K) 



denotes the valuation of z, and 
uniformizing parameter of Rk- 

We equip K 2 with the norm || (x±, X2)\\ K :~ max(\xi\ K ,\x2\ K )- Then (K 
is a complete metric space and the metric topology is equal to the product topology 
Let w be a quasicharacter of K x , i.e. a continuous homomorphism from K x 
into C x . The set of quasicharacters form an Abelian group denoted as Q(K X ). 
We define an element ui s of fJ {K x ) for every s £ C as u) s (z) = \z\ K = q~ s ord ( z > . 
If, for every u> in CI (K x ), we choose s <S C satisfying u; (p) = q~ s , then w (z) = 



oj s (z) x (ac z) in which \ 
f2 (if x ) is isomorphic to C 



uj \ R x . We denote the conductor of x as c(x)- Hence 

{R K )* , where (R K )* is the group of characters of R Kl 
and f2 {K x ) is a one dimensional complex manifold. We note that o (uj) := Re(s) 
depends only on u, and \u (z)\ = uj a r u -\ (z). Given an interval (a, b), we define an 
open subset of ft (K x ) by 



(a,6) 



6 fi(if x ) ;<r(w) 6 (a, 6)} 



For further details we refer the reader to 

The following result will be used later frequently. 



Lemma 4. Take a e K, u> e £l(K x ) and N E Z\{0}. Take also n,e E 



with n > 0, and put x 



Then 



u(z) N \z\x 1 \dz\ = < 



a+p'R K ^.{a} 



0, 



1-q- 



— e / \ — N 1 in— 1 

q c uj(a) \a\ K 



if 



a E p e R K 
X N = l 



a<£ p e R K 
l} X N \w=l 



all other cases, 



in which {/' = ! + p e a 1 Rk- In addition, the integral converges ifHe(s) < -§> 



Proof. The proof of the lemma is an easy variation of the one given for Lemma 
3.2.1 in HI. □ 



We recall that a locally constant function with compact support is called a 
Bruhat- Schwartz function. Denote by S(K 2 ) the C-vector space of the Bruhat- 
Schwartz functions. 
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3.2. Local Zeta Functions and Quadrants. 

Definition 2. Given f a Laurent polynomial, $ a Bruhat- Schwartz function, 
and uj G f2 (K x ), we attach to these data the following local zeta function: 

(3.1) Z*(u,f):=Z*(8, X ,f)= J *(x)u(f(x))\dx\, 

T 2 (K) 

where \dx\ is the normalized Haar measure of K 2 . 

The convergence of the integral in (|3.1[) is not a straightforward matter, this 
is an important difference with the classical case. Later on we will show the exis- 
tence of two constants 71, 72 with 71 < 72 such that Z$ (oJ,f) converges for uj G 

We now introduce the notion of p-adic quadrant which will be very useful in 
studying the convergence of local zeta functions. 

We define the p-adic quadrants of K 2 as follows: 

Qt(K) := Q x = {{x u x 2 ) e K 2 ; \ Xl \ K < 1 and \x 2 \ K < 1} ; 
Q 2 (K) := Q 2 = {(xi,x 2 ) € K 2 ; \ Xl \ K > 1 and \x 2 \ K < l} ; 
Q 3 (K) := Q 3 = {(xi,x 2 ) e K 2 ; \x x \ K > 1 and \x 2 \ K > l} ; 
Qi(K) := Q± = {(xi,x 2 ) e K 2 ; \ Xl \ K < 1 and \x 2 \ K > l} . 

Each Qj is an open and close subset of K 2 and K 2 — |Jj=iQr Take $ a 
locally constant function with compact support, then $ is a linear combination of 
characteristic functions lg r ^.j(x) of balls and each ball B ri (xi) is contained in 
exactly one quadrant. 

We now dchne 

Z^(co,f):=Z i J ) (s,X,f) = J *{x)w(f(x))\dx\, 

T 2 (K) 

where $ is a Bruhat-Schwartz function with support in Qj for j € {1, 2, 3, 4}. Note 
that Z$ (w,/) = Ej=i4 ) (uJ) for suitable functions <$>j in S(K 2 ). 

3.3. Local Zeta Functions Supported on the First Quadrant. For a = 

(ai,a 2 ) e N 2 \ {0}, set || a\\ = ai + a 2 as before, and 



(3.2) V(a):=V(a,f) 



if d(a)=0. 



Let F + be a fixed simple fan subordinated to and supported in M 2 , as 



before. Set 



A(F + ):= U {^(«)< } 



a£edges(J r + ) 



a£edges{J r j r ) 
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a '■= otf 



+oc, if A(F+) = Q, 

and f};=Pf = max 7e B(^+)u{-i} 7- 

Theorem 1. Let f be a non-degenerate Laurent polynomial with respect to Poo, 
and let IF + be a fixed simple fan subordinated to as before. Then the following 
assertions hold: 

(i) Z£> (cj, /) converges for uj g ^(js f ,a f ) (K x ); 

(ii) (ui, /) has a meromorphic continuation to il(A x ) as a rational function 
of ui (q), and the poles belong to the set 



11 . . ( 2tt-/-T Z] 



In addition, the multiplicity of any pole < 2. 

PROOF. Let (X (I^) , c) be an embedded resolution of singularities for / : 
T 2 (K) —> K as in Proposition [TJ We use all the notation given in Sections 12. 51 
I5XT1 and |2"X21 By using the fact that a : cr" 1 (T 2 (A)) -> T 2 (A') is a A-analytic 
isomorphism, we have 

4*W) = / *(x)w(f(x))\dx\= I <£oa(y)u(foa(y))\a*(dx)\. 



T 2 (K) a-^T 2 ^)) 

Since S = o~ x (supp $) is compact, by passing to a sufficiently fine covering of S, 
such that (l2~2l- (jO) . f23]) -([23 )l . (ETJ)-^, (j23|) - (l2~TUl) hold, Z^\w,f) becomes 
a finite sum of integrals of the following types: 

J (u) = $(o-(b))cj(e(b))\ V (b)\ K x 

(3 - 3) n / ^) dK) i%i^ iM i<%i, 

where 6 is a point in X (Ta^), c = (ci,c 2 ) £ A 2 , e <E N, and r € {1,2}, see 
(IZl-dO); 



J 1 H=g- e $(a(fe)) W ( £ (6))| ?7 (6)^x 
(3-4) | W (yi) d(ai) M!f , 

see (|231) - (I2~d]I : 

J 2 (a;) = $(a(6))|r ? (6)| K J u( Vl ) d ^ irf 1 ' 1 " 1 |d yi | X 
(3.5) rii ^ {0} 

y idi/ 3 i, 
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see UJil-UM; 

(3.6) J 3 (u) = q-^(a(b)) J w(t/i)|dtfil, 
see (gH- ^Hini ; finally if / (<r(6)) 7^ 0, 

(3.7) J 4 (w) = q- 2 ^ (a (b)) lo (e (b)) \ V (b)\ K . 

Parts (i)-(ii) of the Lemma follow by applying Lcmma|3]to integrals (|3.3p - (|3.6p . □ 

Remark 3. // we use hypothesis HI, in the case f (o~(b)) ^ by using h2.11\) 
we have 

Mu)=q-^{o-{b))u{e{b))\n{b)\ K 
(3-8) j X {l + Vi)\dyi\. 

C!+p'R K 

Example 2. The local zeta functions Z^\io,f) may have poles with positive 
real parts. Take f(x,y) = x~ 3 + y 2 + y 4 , $ the characteristic function of (pRx) 2 , 
and lo = w s . Then 



4*W) = / \f(x,y)\ s K \dxdy\ 

(pi?. K v{0}) 2 

00 00 r (1- a- 1 ) n - 2 + 3s 

= EE / \f^y)\ s K \dxdy\= ( 



0=1 6=1 



1-9 



-l+3s 



iVo£e £/iai i/ie integral converges for Re (s) < 



Remark 4. H^e recall that the set of edges of JF+ can be partitioned as S(J r +)U 
£(T+) U£'(J r +). In the case in which f (x) <E K[x\,X2\ and V is the Newton 
polyhedra at origin, there are no poles belonging to U a6 £ (^ + )V (a)U l J ae £'^jr + -jV(a), 
see [5], |B], 1 2 8 j . |31j . |32j . This fact is not true if f (x) & K [xi,X2,x^ 1 jX^ 1 ] and 
r = , see Example [3 

3.4. Local Zeta Functions Supported on the Second, Third and Fourth 
Quadrants. 

Theorem 2. Let f be a non-constant Laurent polynomial (not necessarily non 
degenerate with respect to Tc^). 

(i) There exist constants < 0, a* > 0, such that Z^ (lo, f) converges for lo G 
n (pf, a f) (K*), for j = 2,3,4. 

(ii) (lo, f) have a meromorphic continuation to Q(K X ) as a rational function 
ofio(q),forj = 2,3,4. 

(Hi) Assume that 

/,m t I -1 -1\ f (xi,X2) sr-^CiX^ + c' i X 1 , 

(3.9) f{x 1 ,x 2 ,x 1 ,x 2 ) = — di d2 = \- f {xi,x 2 ,x 1 ), 
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with bi,rii,mi G N and bk > bj , k =/= j . Pick an embedded resolution of singularities 
of the divisor / _1 {(0, 0)} with numerical data (vi,Ni), i G T. Then the poles of 
Z^ (s,Xj/) belong to the set 

where the second term in \3.1U\) does not appear if bk = 0. 

(iv) Assume that 

rl -1 -1\ ) \ X \i X 2) ST^ C i X 2 "+" H X 2 , r I -1\ 

f(x 1 ,X 2 ,X 1 ,X 2 )= => * + / (XI,X 2 ,X 2 ), 

%1 %2 i= i X l 

with ei,m,i,ni G N and ei > ej , I ^ j . Then the poles of (s, Xi /) belong to the 
set 

where the second term in \3.11\) does not appear if e; = 0. 

(v) The poles of Z^ (s,X, /) belong to the set 



(3-i 2 ) U 



In q 





I 


s 

> 









Proof. We first prove (i), (ii) and (iii) in the case j = 2. Without loss of 
generality we may assume that $ (x\, X2) is the characteristic function of a ball 

B := {X! + p e R K } x {x 2 + p e R K ] C Q 2 

with e € N \ {0}, ord(x\) < and ord(x 2 ) > 0. Two subcases occur: x 2 7^ 0, 
x 2 = 0. In the subcase X2 ^ 0, we may assume that < ord (X2) < e — 1. Since 

\xi +P e 2/iIk 1^2 +P e y2|^ = \%Ak I^Ik for j/1,3/2 € R K , 

we have 

Is — 

On the other hand, 

x(ac(xi + p e yi)) = x {ac(x\)) for any y x G ifo, if e - ord(xi) > c(x) , 
X (ac (x 2 + p e V2)) = X {ac (x 2 )) for any y 2 G R K , if e - orrf (x 2 ) > c (x) , 

here c (x) denotes the conductor of x> therefore 

^i 2) (s, X, /) = — Trf- — Nd , ^$ (s, x, f) if e > orrf (z 2 ) + c (%) • 
u; (zif 1 w (z 2 ) 2 v y 

We may assume that f {x\,X2) = for some point in the support of $ because 
otherwise Z$ ^s, x, fj is holomorphic in the whole complex plane, and then the 

announced assertions follow trivially. Since Z$ ^s, x, /J is a classical local zcta 
function, it has a meromorphic continuation to the whole complex plane with poles 
having negative real parts. Furthermore, given an embedded resolution of singu- 
larities of the divisor / _1 {(0, 0)}, with numerical data (Vi,Ni), i G T, the possible 
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poles of Z$ (s,x, belong to the set U.; £ t j-^r 1 + 27r ^ TZ |, see e.g. |14[ Theo- 
rem 8.2.1]. We now recall that the log-canonical threshold —/3 (f^ := min; e T jy- 
is a positive rational number depending only on / such that f3 (f \ is pole of some 
Z<s> ( s >Xtriv> f) t an d that Z$ (s,x, f) is holomorphic on Re(s) > /3 (f^ for any 
$,X, see e.g. [15J p. 33], [Ml Theorem 2.7]. Then ^ 2) (s,x,/) converges for u G 

We now consider the subcase x 2 = 0. We assume that / (xi, x%, x 1 ,x 2 1 ) has 
form (|3.9p with 6fc 7^ 0. There exists a constant eo (61, • • • , bk, /o) such that 



\f (x 1 ,x 2 ,x 1 1 ,x 2 l )\ s K = \c k \ s K |xi|^ feS 



1 



K 



x{ac(f (x 1 ,x 2 ,x 1 1 ,x 2 1 ))) =x(ac(c k x" k + c' k x 1 m ")) x ^ac ^~T7/jj ' 

for e> e (h, . . . ,b k , f ,x), then 

4 2) ( S ,X,/) = |c fc |^|5?i|^ s x(ac( Cfc ^+4^ m ' i ))4 2) ^, X , ^ , 

for e > eo (61, . . . , b k , fo, x)- By applying Lemma|4]we get that Z$ (u>, f) converges 
for lu G ^ a (if x ) and the possible poles belong to the set + 27r ^^" Z |. 

If 6 fe = 0, for e big enough we have (s,x,f) = (s,X,f), and then 

the announced assertions follow from the corresponding results for Z$ ^s, x, fj ■ 

The proof of (i), (ii) and (iii) in the case j = 4 is similar to the one given for 
the previous case. We now consider case j = 3. In this case by taking e big enough 

we have (s,x,f) = ZJtW^uJfW^ Z * { s 'X,Tj- Now the announced assertions 



follow from the corresponding results for Z$ ys, x, f j ■ O 

3.5. Local Zeta Functions for Laurent Polynomials in Two Variables. 

Theorem 3. Let f be a Laurent polynomial which is no-degenerate with respect 
to Too. Let J 7 be a fixed simple fan subordinated to Too with support R 2 , and let 
(X (Too) , c) be a fixed compactification for f : T 2 (K) — > K . Then the following 
assertions hold: 

(i) there exist constants f3f < 0, aj > such that Z$(u),f) converges for lu G 

(ii) Z$ (u),f) has a meromorphic continuation to tt(K x ) as a rational function of 
lu (q), and the poles belong to the set 



11 , . f 27iV^IZ] 

u ^ u {- i+ ^H 



a^edges^) 

with V[a) as in \3.2\) . In addition, the multiplicity of any pole < 2. 
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Proof. Since (w, /) = Ej=i-4f /) for suitable functions in S(K 2 ), 
Theorems [TJ2] imply the existence of constants a/>0,/3/<0 such that Z$, (us, f) 
converges for to G Q,^, a A (K x ), and that Z$ (us, /) has a meromorphic continua- 
tion as a rational function. The description of the poles is obtained as in the proof 
of Theorem □ □ 



3.6. Some Additional Results on Poles for Local Zeta Functions Sup- 
ported on the First Quadrant. Denote by S(R 2 K ) the C-vector space of Bruhat- 
Schwartz functions with support in R 2 K . As a consequence of Theorem [TJ the map- 
ping <3? — > (us,f) defines a meromorphic distribution on S(R 2 K ). Denote this 
distribution by Z, (us). The set of poles of Z^ (us) is the set of poles of all the 
meromorphic functions Z^ (us, f) for $ G S(R 2 K ) and we!! (K x ). 

PROPOSITION 2. With the above notation. If A(F+) ^ 0, then Z^ (us) has a 
pole s satisfying Rc(s) = a. Furthermore, the multiplicity of such a pole fi (a) can 
be calculated as follows. Given I G {1,2}, define L\ (a) as 

{A G J r +',A has exactly I edges, a^, satisfying 1 
J^=afork=l,...,l )■ 

Then 

\x (a) := [X = max {l;£i (a) ^ 0} . 

Proof. We use all the notation introduced in the proof of TheoremQ] Take $ 
to be the characteristic function of an open compact ball (p e Rx) 2 , e > 2, containing 
the origin. We also take u> = ui s . To prove the result, it is sufficient to show that 

(3.13) lim(l-^- Q )' i(Q) 4 1) ( Ws ,/)>0. 

s-fa 

Since Z$ (u>, /) is a finite sum of integrals of types Jj(w s ), i = 0, 1, 2, 3, 4 (see (13 .3|) 
- (|3.7|) ). it is sufficient to show the following: 

(3.14) lim (1 - 9 S " Q ) M(Q) JJujA > 0, i = 0,1,2,3 
and 

(3.15) lim (1 _ q s-<*\^ a) J io (w s ) > 0, for some i G {0,1,2}. 

s— >a 

Since \x G {1, 2}, we first consider the case /x = 2, the other case is treated in a 
similar form. Let A T G £2 (c*) and let 01, ci2, be its edges, with J^J^ = J^J^ = a. 
Take b G -^(r^) to be the origin of the chart (K 2 (A T ), a(A T )). Let V b be a small 
open subset containing b in (K 2 (A T ),o-(A T )), we may assume that Vb = (p e Rx) 2 - 
By using Lemma HJ Jq(uj s ) equals 
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2 / q—e\\ai\\—ed(ai)a \ / ^-e||a 2 ||-ed(a 2 )s 



$(a(b))\e(b)\ s K \ V (b)\ K (l-q 



<S>(a(b))\e(b)\ s K \ V (b)\ K (l-q-\ 



1 — q-\\ a i\\~ d ( a i) s J \ 1 — g-|l a 2||-d(o2)s 
! 2 /g - ^ 1 )^ 01 )^ - ") \ /g-( e -l)d(a 2 )(s-< 



d(ai)(s-a) I I ^ — q d ( a 2)(s-a) 



„-(e-l)(s-a)(d(oi)+d(a 2 )) 















consequence 




lim ( 


1 - q s ~ a Y J Q {UJ S ) > 0. 


s— >C( v 


By using a similar reasoning 


, one verifies that 



lim (1 - q s - a V JAu s ) = for % = 1, 2, 3, 4. 

Now if A ^ £2 (a) is a two dimensional cone, then in the chart corresponding to 
this cone, lim s ^ Q (l-g s - a fj I (w s ) = 0, for i = 0,1,2,3,4. □ 

Proposition 3. (i) If B(F + ) ^ and (3 f > -1, then Z [ . l) (uj) has a pole s 
satisfying Rc(s) = f3f. Furthermore, the multiplicity of such a pole (J.((3f) can be 
calculated as follows. Given I G {1, 2}, define A4i (/?/) as 

{A G -7 r +;A has exactly I edges, a k , satisfying | 
J^ = f3 f ,fork = l,...,l )■ 

Then 

t i(f3 f )=ma X {l;Mi(pf)^®}. 

(ii) If B (J-+) 7^ 0, f3f = —1 and /i(/3/) = 2, then Z, (a>) has a pole s satisfying 
Re(s) = — 1 with multiplicity 2. 

Proof, (i) We use all the notation introduced in the proof of Theorem[T] Take 
$ to be the characteristic function of an open compact ball (p e Rx) containing the 
origin. We also take lu = ui s . As in the Proof of Proposition [5J it is sufficient to 
show the following: 

lim (1 - q *~^ m J^ojs) < 0, i = 0,1,2,3,4 

and 

lim (1 - q s- a y (p) J io (u s ) < 0, for some i G {0, 1, 2} . 

s— 

Since fi G {1,2}, we first consider the case /.t = 1, the other case is treated 
in a similar form. Let A in L\ ((3) generated by ai, with J^Jj = j3. Take 
another vector a 2 such that the cone A T generated by ai, 02 is in J r + . In the 
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chart (K 2 (A T ), er(A r )) take b £ X(Loo) a generic point of the divisor correspond- 
ing to the datum (d (01) , ||ai ||). Let Vb be a small open subset containing b in 
(K 2 (A T ), ct(A t )), we may assume that Vb = (p c Rk) ■ By using LemmalU 

q-'$(*(b))u(e(b))\T}(b)\ K (l-q- 1 )q-4M-<*M' 



^ _ q-\\ a l\\-d(a 1 )s 

q- e 4> (a (&)) u (e (6)) [r? ( x - <T ed(ai)(s -« 



(l-g-(-0) 


J] (l- ft g-(-«) 







then lim^ (l - g s ~' 3 ) M J^) < 0. 

We now consider the case in which b is the intersection point of a divisor 
corresponding to (d(oi) , ||ai||), with Jj^j) = P, and a divisor corresponding to 
(1,1). Let Vb be a small open subset containing b in (K 2 (A T ), cr(A r )), we may 
assume that V b = (P e i?if) ■ Then 

Mu s ) = $(a(b))\ V (b)\ K J l^l^-O+ll-ill-i | dyi | x 

p e fl K \{0} 

M _ 1^(6)1^(1 -g-l) 2 g -«(ll°ill+l)-^(°i) + ^ 

P'RkM 0} 

A(<r s ) 



(l - g-||ai||-d(ai)s) (1 _ g-l-s) ' 

and 

r h *-P\» t r \ v CW^T ,• A(g-«)(l- g fl -°r 

hm (l — o p ) J 2(^3) = hm =— ^ hm }. — n — Tl — r — 

s -)./3 V ^ ' V ' s->/3 (1 - fl" 1 " 8 ) l-g-||oi||-d(ai> 



l — q- 1 -PJs^ t p 1 — Q— ll Q i II— d(«l)s 

since /3 > — 1 implies that 1 > 0. 

Consider now the case in which b is the intersection point of a divisor cor- 
responding to (d(ai) , 1 1 ci 1 1|), with J^J^ = /3, and a divisor corresponding to 

(d(ai) , 1 1 a i||), with ^ p. Let Vb be an open compact subset containing 

b in (K 2 (A T ), <r(A r )), as before we may assume that V 6 = (p e R K ) . Then J (w s ) 
equals 

9 / e||ai||— ed(a.i)s \ / „-e||oa||-ed(oa)« \ 

* (a (6)) \e Q>)\' K |, (6)| A - (1 - O ( 1 g _ g _„ ni „_ d(Bl) . ) ( /^-h^I-^O 

= B(q- S ) 

h _ g-||ai||-d(ai)sj ^ - q-ll a2 ll- d ( a2 ' s ) 
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and 



lim (1 - tf-Py J (u s ) 



lim 1 - q s ~T : ,._, :„_'. < 



1 — ^f— lloall— d(o a )/8 s ->/3 v * ' ^ 1 — g-||oi||-<J(oi)« 

because r — ^^-^^ > 0. 

On the other hand, lim s ->£ (l — q s ~@) Ji(uj s ) = for i = 3,4. 

Finally, if A T is a two dimensional cone in T+ generated by a%, a 2 , with Jj^jj ^ 
/? and Jg_ ^ /3, then lim^ (l - g^)" Ji(w.) = for i = 0, 1, 2, 3, 4. 

(ii) The proof follows the reasoning used in the previous part. □ 

Remark 5. If A(F+) ^ 0, we set a max :=max ieA ^jr + ^ 7 and fJ,(a max ) '■= 
niax{/;£; (a max ) 7^ 0}, luii/i £; (a max ) defined as in Proposition^ ///z(a max ) = 2, 
£/ien (lu) has a pole s satisfying Re(s) = a max wit/i multiplicity [i (a max ). TTiis 
/act can be established by using the technique given in the proof of Proposition @ 
but not the case fi (a max ) = 1. 

Theorem 4. Let f be a Laurent polynomial which is non- degenerate with re- 
spect to Too. Assume that /3f 7^ —1 or that (3j = —1 and n{/3f) = 2. Set for 
m£N\{0}, 

V- m (/, $) := vol ({x e supp ($) n T 2 (X) ; |/ (z)^ = <T™}) 

and 

K» (/, *) := vol ({x G supp (*) n T 2 (if) ; |/ (x)| K = g m }) . 
Then the following assertions hold. 

(i) For m big enough, V— m (/, $) has an asymptotic expansion of the form 

F_ TO (/,$)=^c m ( 7 ,/)m^V ro 

7 

where 7 runs through of the poles of Z$\s,xtriv, f) such that Re (7) G B(J- + ), 
c rn (7, /) is a complex number and j 7 < the multiplicity of 7 — 1. Furthermore 

V- m (f, $) < Am^^q" 10 * for m > 0, 
where A is a positive constant. 

fa) V l/lif * s bounded on supp(&) n T 2 (if), /or m ozg enough, V m (/,<&) /las 
an asymptotic expansion of the form 



7 m 



F m (/, *) = J^c m (7, /) m^g 

7 

where *y runs through of the poles of ^^^(s^Xtri-u; 

/) suc/i £/ia£ Re (7) G A(J" + ), 
c m (7, /) is a complex number and j 7 < the multiplicity of 7 — 1. Furthermore 

V m ( f, $) < Bmq ma "^ for m > 0, 

where B is a positive constant and a max := max 7ej 4(jr + ) 7. 
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Proof. Since 

z£ ) (s, X triv,f)= I *(x)\f{x)\' K \dx\ 
T 2 (K) 

= E vol ({x € supp ($) ; |/ (x)\ K = q-" 1 } t m ) 

for Pf < Re(s) < a/, with q~ s := t. The announced estimations follow from 

Theorem [T] and Proposition [3] by expanding zjp (s,Xtriv, /) into partial fractions 
over the complex numbers. Since we will need this technique later we present here 
some details. For m € Z\ {0}, we write m = \m\ sgn (to) = |m| (±1). We also set 
U f := {<; € C : <; f = 1} for / £ N\ {0}. By using the identity 

i-3- e * ±/ =(l-g^t ±1 ) II (l-?^ ±1 ),e 1 /eN\{0} 1 

?ei/ / v.{i} 



we have 



1 1 



^ +00 _ I 



1 — -|l a fcllt d ( a fc) 1 — -|l a /olltM(afc)l(±l) 

seu |*(-OI Vi=0 ' 
for some constants c, £ C. Note that ±2 = Z {sgn(d (afc))}. If 7^ |rf(a 3 j| 1 then 



1 



/ +00 



(l _ „-\\a,\\ t d(a z )\ (l _ a -\\aj\\ t d( aj )) 

V M j ^Ks)l 



J2 djI^gT^V^' 



?6C/ K» 3 )I 

for some constants dj, /ij £ C. If = ■pj^yj, then 



/+oo hki \ 

E 



(l - g-IMI^K)) (l - g-lkjll^(aj)) 



E 



-II °ill 
1 - oR=7JT ?t ±i 



' +00 



1 - g FR7T^±i 



E 

?e[/| rf(oi) | V'=o 
t £ ^ ld(oi)i n f7|d( Qj )i 



? £ ^|d(oi)| nC/ M( aj )| 
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for some constants e^, fq,g<;,h<; G C. Note that 

1 +2? -II -ill , 
J = ^(/ + l)gl d ^)l ^ ±z . 

Therefore for m big enough, 

(3.16) V m (/, $) = ]Tc m ( 7 , /) m"™" V m 

7 

where 7 runs through of the poles of Z^ (s, Xtriv, f) such that Re (7) € B(T + ), and 
c(m, 7) are complex constants. The first part follows from (|3.16[) by Proposition^ 
The second part is obtained in a similar form by using Proposition [21 □ 



4. Oscillatory Integrals 

In this section we extend Igusa's stationary phase method for p-adic oscillatory 
integrals ( [13] . [14] . [4]) to the case of non-degenerate Laurent polynomials in two 
variables. 

4.1. Additive characters. Given 

00 

z = ^2 z n p n e Q p , with z n e {0, . . . ,p - 1} and z„ ^ 0, 



n— no 

we set 



if ri > 



the fractional part of z. Then exp(27r\/^T{z} p ), z £ Q p , is an additive character 
on Q p trivial on Z p but not on p Z p . 

We recall that there exists an integer d > such that Trx/q p {z) € Z p for 
l^lx < 9 d but Trx/Q p (2o) ^ Z p for some zo with |zo| A = g +1 . The integer d is 
called £/ie exponent of the different of K/Q p . It is known that d > e — 1, where e is 
the ramification index of K/Q p , see e.g. [291 Chap. VIII, Corollary of Proposition 
1]. The additive character 

x(z) - cxp(2^V r T{Tr A7Qp (p" d z)} p ), z e A', 

is a standard character of A, i.e. >c is trivial on Rk but not on . For our 
purposes, it is more convenient to use 

*(z) = cxp(27rx/^T{rr A7Qp (z)} ), z e K, 



instead of >({■)■ This particular choice is due to the fact that we use Denef's 
approach for estimating oscillatory integrals, see [H Proposition 1.4.4]. 



ZETA FUNCTIONS FOR LAURENT POLYNOMIALS 



21 



4.2. Asymptotic expansion of oscillatory integrals. Given $ G S(R 2 K ) 
and / a Laurent polynomial in two variables, as before, we set 

4 1) (z,/):=4 1) (z)= J $(x)*(zf(x))\dx\, 

T 2 (K) 

for z = up~ m , with u G R^, and m G Z. We call a such integral an oscillatory 
integral. 

Let Coeffti-Z^^s, x, /) denote the coefficient Ck in the power expansion of 
Z^\s, Xi f) m the variable t = q~ s . 

Proposition 4. Let f be a non- degenerate Laurent polynomial satisfying Cf C 
f~ x (0). There exists a constant e ($) G N, such that Z^ (s, X, /) = unless c (x) < 
e($). 

Proof. The proof follows from formulas (|2.2p - (|2.1ip and Lemma El by using 
the same argument given by Igusa for Theorem 8.4.1 in |14j . □ 

Proposition 5. With the above notation, 

ei(i) /- „-m\ rW/Y, \ i r> (f - g) -Z^^'Xt™) , 
E $ { U P ) = z l (°i Xt™) + Coeff tm -i — 

where c (x) denotes the conductor of \? an d g x denotes the Gaussian sum 
9 X = (q- I)' 1 E * (v) * (Vp c(x) ) • 

Proof. The proof uses the same reasoning given by Denef for Proposition 
1.4.4 in [J and Lemma 8.1.2 in [14]. □ 

Theorem 5. Let f be a non-degenerate Laurent polynomial satisfying Cf C 
f~ x (0). Let J-+ be a simple fan subordinated to Too and supported on 

(i) If B (J 7 !-) 7^ 0, then for \z\ K big enough E^\z) has an asymptotic expansion as a 

finite C— linear combination of the functions of the form x {ac z) \z^ K (log 9 |2|^)' JA 
with coefficients independent of z, and X G C a pole with negative real part of 
(l -q^ 8 ^ 1 ) Z^\s,xtriv) or of Z^\s,x), X ^ Xtriv, and with j x < (multiplicity of 
pole X —1). Moreover all the poles X, with negative real part, appear effectively in 
this linear combination. 

(ii) If B(F+) ^ and f3 f ^ -1, or (3 } = -1 and fx(f3f) = 2, then 

<C(K)\z\^(log q \z\ K r {M -\ 

for \z\ K big enough, where C (K) is a positive constant. 

(Hi) If A{T+) 7^ 0, then for \z\ K small enough E^\z) — Z^\o,xtriv) has an 
asymptotic expansion as a finite C— linear combination of the functions of the form 
X [ac z) \z\^ (log ? |.z| x -)' 7A with coefficients independent of z, and X G C a pole with 
positive real part of (l - q~ s ~ l ) Z^\s, Xtriv) or of Z$(s, x), X Xtriv, and with 



22 



E. LEON-CARDENAL AND W. A. ZUNIGA-GALINDO 



jx < (multiplicity of pole A —!)■ Moreover all the poles X, with positive real part, 
appear effectively in this linear combination, 
(iv) If A{F+) ^ 0, then 

E$\z) - Z£\0, x *iv)\ <C(K) \z\ a ^ (log, \z\ K ) , 

for \z\ K small enough, where C (K) is a positive constant and a m ax = max 76/ i(_F + ) 7. 

Proof, (i) and (iii) The results follow from Theorem Q] and Propositions [SJH 
by writing Z^\s,x) m partial fractions as in the proof of Theorem 2J (ii) The 
estimation follows from (i) and Proposition [3] (iv) The estimation follows from (iii) 
and Proposition [21 □ 

In general E^\z,f) cannot be expressed as a finite sum of exponential sums 

mod p m . Under additional hypotheses E^\z, f) becomes an exponential sum mod 
p m as shows the following result. 

Corollary 1. Let fo(x) = fi(x) = be non- degenerate Laurent 

x l x 2 

polynomials. Set A^ = Rr/Pr x P-k/Pr, A$ = Rr/Pr X Rr/ p r and 

S m (fi):=q- 2m £ *(*/(*)), 

zeAS;' 

where z = up~ m , with u € and m > 1. Then, for m big enough, 

\S m (fi)\ <C{fi)mPfa)-^t< m . 

Proof. By taking $ to be the characteristic function of x Rr and Rr x R^-, 
we obtain E^(z,fi) = S m {fi), i — 0,1. Now the result follows from Theorem 

[U □ 

5. Explicit Formulas 

Let L C C be a number field, and let Al be its ring of integers. Take a maximal 
ideal *}3 of Al, and denote by K := K<$ the completion of L with respect to the 
*P-adic valuation. Denote by F g the residue field of *p. We will use all the notation 
for p-adic fields introduced in Section G3 

Let f (x) G Al [xi, X2, x^j -1 , x^" 1 ] be a non-constant Laurent polynomial, which 
is non-degenerate with respect to over C. Then, by the Weak Nullstellensatz, 
for almost all *P, i.e. for q big enough, the system of equations 

(5.1) { fr (x) = 0, V/ T (x) = } 

has no solutions in (R K ) 2 , for any face r of T^. If we denote by / the reduction 
modulo *P of /, by the Hensel Lemma, condition (|5.1[) is equivalent to the following: 
the system of equations 

(5.2) { A(x)=0, Vjr(x)=0 } 

has no solutions in (F* ) 2 , for any face r of Too. In this case, we will say that f 
(or that /) is non- degenerate with respect to Too over ¥ q . 
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Lemma 5. Let f be a non- degenerate Laurent polynomial with respect to T 
r ¥ q , such that f T (x) 

assertions are equivalent 



over ¥ q , such that f T (x) = n u(x) d . For any face r of r m , the two following 



(i) the system of equations {f T (x) = 0, V/ r (x) = 0} has no solutions in (i?^-) 2 ; 

m {R* K )\ 



(ii) the system of equations |/ r (x) = 0, V/ T (x) = o| has no solutions 
PROOF. The equivalence follows from the following calculation: 



— ( x ) 

dxj 



11. /.:.•'" if J{I(T) 



-(II, /••'•; ; )/-- ' (\l ,-,<'! if je/(r). 

Since q is big enough, we have dj ^ 0, for any j. □ 

Remark 6. Let g G Rk \xi, X2, x^ 1 , x^ 1 ] be a non-constant Laurent polyno- 
mial satisfying (i) ~g G ¥ q \xi,X2,x± ,x% 1 \ ¥ q and (ii) the system of equations 
{g (x) = 0,Wg(x) = 0} has no solutions in (F*) 2 . Then 



\g (x)\ s K \dx\ = q- 2 j<j 2 — 1 + N (^T^t) } ■ f° r Rc ( s ) > °. 

("if 

where N := Card (jrc G (F*) 2 -g(x) = oj) . 

The formula follows from Lemma [5| by using the Stationary Phase Formula, 
see [HI Theorem 10.2.1]. 

Lemma 6. Let f be a non- degenerate Laurent polynomial with respect to F^, 
over ¥ q . For a face r of T^, , set 



g{x,T) :=f T (x)+ J2 P l 



m£ supp(f) 



= f T (x)+p l °h(x), 
where V > 0, and l m > for every m. Then 

J \g(x,r)\ s K \dx\ =q- 2 [q 2 -l + N T ^J-l^i-H , for Re(s) > 0, 

where N T := Card ({a; G (F*) 2 -jr (x) = oj) . 

Proof. Since g = f T , we have {g(x) = Q,Vg(x) = 0} = {f T (x) = Q,Vf T (x) = 
0}. From the non-degeneracy condition, the later system of equations has no solu- 
tions in (F*) 2 , therefore, the hypotheses of Remark [6] hold and 

\g (x, t)\ s k \dx\ = q~ 2 jg 2 - 1 + N ( 1^1 j | , for Re(s)>0 
(^) 2 

with N = N T . □ 
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Set 



Z^(sJ) := J \f(x)\ s K \dx\ for f < Re(s) < a f . 



Theorem 6. Let f be a Laurent polynomial in two variables which is non- 
degenerate with respect to over ¥ q . Let {A T } T£ _ /( be a simplicial polyhedral 
2 
+ 



subdivision of M. 2 , subordinated to . Denote for each attainable face rofT 



N T = [xe (F 9 x ) 2 ;./V(.t) =0} 



For A r with t £ A, denote by aj, j = 1,?'a t , the edges (generators) of the cone 
A T . Then 

ZM(s,f) = L Tx (q-*) + Y,Lr (q- s ) S T (q- s ) . 



Here 



for t £ A, and 



q -s-l 



S T (q~ 



J2 q \\h\\+d(h)s \ q ^i=I i\M\+ d M') 



h 



J (l — g-|l a jl|- rf ( a i) s ) 

i=i 

where h runs through the elements of the set 

Z 2 n | V A ,„ ,:(> < Aj < 1 for j = l,r Ax | . 

Proof. The proof follows from Lemma El by using the same reasoning given 
in [6l Theorem 4.2] for the case f(x) £ Rk [xi, ■ ■ ■ ,x n ]. Note that there may be 
t £ A for which A r = {a e M. 2 ;F (a) D r}, cf. Lemma[TJ □ 

By using a simple polyhedral subdivision one obtains a slightly less complicated 
explicit formula in which all the terms y\ 

q \\h\\+d(h)s arc identically 1. But then 
in general we have to introduce new rays which give rise to superfluous candidate 
poles. 

Example 3. Set g(x,y) = x~ 3 + y~ 2 + y 4 £ Z [a;, y\. This polynomial is non- 
degenerate with respect to (g) over ¥ q , for q big enough. The Newton polytope 
Too (<?) has three facets: 

n = {(a,P) e R 2 ;4a- 3/3 = -12,-3 < a < 0} , 

;2a + 3/3 = -6,-3 < a < 0} , 

; - a = 0, -2 < (3 < 4} , 

and three vertices: 71 = (—3,0), 72 = (0,-2), 73 = (0,4). Then the vectors 
{(— 1, 0) , (2, 3) , (4, — 3)} are the edges of a simplicial polyhedral subdivision of R 2 
subordinated to Too (g), and the vectors {(1,0) , (2, 3) , (1, 0)} are the edges of a non- 
trivial simplicial polyhedral subdivision of R 2 ^ subordinated to T 00(g)- The data 
required in the explicit formula for Z^'{s,g) are the following: 



t 2 = {{a, (3) £ 
r 3 = {(a,/3)e 
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2 r > 



L r x (q~ 



> g 2 - 1 + N Fo 



q- s - 1 



1 - q-*- 1 

with N r<x , = e (F*) 2 ; x~ 3 + y~ 2 + y 4 = oX, and 



Cone 
Generators 



(0,1) 



(2,3) 



(1,0) 



(0,1), (2, 3) 



(2, 3), (1,0) 



{(0,-2)} 



{(-3,0)} 



{(0,-2)} 



{(-3,0)} 



L T (q- 



(I-?" 1 ) 



q- 2 W 



1-9" 



1-9" 



S T (q~ s ) 



3 (i+q- a+43 ) 



EI 



-'+ 3 «(l + g- a + aj + g-*+ 6 « 
(l-g-l + 3 S )(l-g-5 + 6 a j- 



where N T2 = Card (|( a; , 2/) € (^<?) 2 i 2 - 3 + y 2 = o|^j ■ T/ien t/ie rea/ parts of the 
poles of Z(s,g) belong to {f,g,§) — l}- ^ addition, {^,|,|} are actually poles 



of Z^\s,g). Note that only the poles 



61ogq 



come /rom the equation of a 



supporting plane, more precisely from T2 . Finally, note that j3 



id that this 



datum does not come from the equations of the supporting planes ofT^ (g). 
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